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PREFACE 


This compilation of the data available on microwave application 
of variable index of refraction lenses was made at the United States 
Naval Postgraduate School during the latter half of the academic year 
1953. It is an attempt to show the steps which have been undertaken 
to develop a lens which will permit focusing over a wide angle through 
movement of feed system alone. 

The writer would like to express his appreciation to A. S. Dunbar 
of the Dalmo Victor Co., San Carlos, California, for his assistance 
in understanding the limitations of other types of antennas and to 
C. F. Klamm Jr. of the United States Naval Postgraduate School Faculty 


for his guidance in the preparation of this paper. 
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a =- lave sbacing in Lens 


K - relative dielectric constant 










n - index of refraction 


radial distance from center 


Le) 
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R - ower reflection coefficient 
S - are lén ct, me@suree from tre axis of revolution 
Giickness in fr@@ scace wave Leng tirs 





SUMMA RY 


The purpose of this paper is to present in a concise form the 
Limitations of conventional antennas and lenses, as now employed, 
in scanning over large areas by movement of the feed system re= 
lative to the antenna. In general such a system of scanning is 
required in modern radar systems for detection of aircraft as 
their speed is increased. The "perfect lens" as developed by 
Luneberg for optics is then presented as a solution, such a lens 
permitting focusing on the circumference of a svherical surface, 


provided the index of refraction varies as a function of the nor- 





malized radial distance (n = \/ 2-r4 )e The two dimensional mi- 
crowave analogy of this theory has been tested by the construction 

of two lenses based on waveguide theory for variation of the index 
of refraction and the results of the tests are shown herein. Such 
tests proved the conformity in oractice to theoretical prediction 
and showed the practicability of three dimensional lenses constructed 
of artificial dielectrics. The theory was then extended for the de- 


velopment of a lens which will reduce the feed circle size required. 





CHAPTER I 


MICROWAVE LENSES 


With the increase of frequency used in radio systems, the wave- 
length has decreased to a point such that it is now possible to apply 
some of the principles of optics in the field of radio. The first 
practical applications utilized to focusing properties of reflectors, 
usually in the shave of varaboloids and parabolic cylinders, to focus 
the energy from either a point of line source into pencil beams. The 
oossibility of focusing radio waves by means of lenses was realized 
in 1889 when Sir Oliver Lodge (15)# demonstrated the beaming effect 
of a lens constructed of pitch on the radiation from a spark gap os- 
cillator. However no worthwhile endeavor was vossible until convenient 
sources of cower at centimetric wavelengths became available about 
190. Rust (22), in 192, was the first to experiment by making use of 
a lens to correct the wave fronts emerging from an electromagnetic horn. 
Since then many tvvoes of lens antennas have been used in microwave 
transmissions. 

According to J. Brown (2) there are two convenient classifications 
of lenses; one accordin: to the function for which the lens is designed 
and the other is according to the nature of the lens material. The late 
ter classification is composed of six subedivisions., Namely: 

lL. Solid dielectrics 
2e iwetallic delay dielectrics 
3. Metal plate dielectrics 
4. Rodded dielectrics 
5. Path length dielectrics 
6. Miscellaneous dielectrics 
*Numbers in parentheses refer to authors in bibliography 
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Solid dielectric lenses are analozous to ontical Lenses where the 





refractive index is related to the dielectric constant by the relation 


VK 


Some of the available solid cielectrics with their characteristics 


n 


ares 


Dielectric Dielectric Loss Factor Mechanical 
Constant tan § properties 


wesion 2.03 e000 37 ilexible; dif- 
ficult to join 
tegether and 
coat exccet 
unter pressure 


Folyvethvlene 2.25 € 005 Flexible, touh, 
can be welded to- 
cether ani mir- 
ror strayed 

Polystyrene 20h 000025 to Flexible, Low 

20016 shock resist- 
anc?, can be ce= 
mente’, low heat 


rolvstvrene foam re) *  €.00003 Difficult to 
nold tolerances 


Tne orincival a-vyantage of this tv1e az lens is tie sinolicity and 
ease of manuracturin’. Tie main 7isalvantaze is tue relative heaviness 


@mea attendant Wifficulty in swoo.o0rtinz the stricture. 





detallic delay dielectrics as developed by W. E. Kock (11) are 


sonetimes referred to 2s artificiel dielectrics wierein strios ind disks 
of less thin a wavelenst1 in size berave basically as large scale mole- 


cules of a dvelectric structures and ive 1 refractive index greater than 
unity. 


— 


Metal »late lenses as describe? by .J. ~. Kock (12) are based on 


tie fact that tie vhase velocity «f a wave travellin: between olates 














is greater than that of free spacé provided the electric vector is 


parallel to the plates. In this case the refractive index may be 
Aafiner as the ratio of the ovvase velocity in free snace to the 


prase velocity between plates 
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Hence in metal slate Lenses the refractive index is less tran 
unity, a possibility which does not arise in optics. 

Rodded dielectrics are similar to delay lenses in tmat trey con- 
sist of 1 lattice structure ef metal rois. The structur’, ‘iowever, 
vroduces a refractive index less than unity which varies with free 
quency. This is a disacvantage as coimarel with the delay lens, howe 
ever et dielectrics are self’ supporting while delay dielectrics 
are not. 

Path lenzth lenses as develoge? by vs Ee. “Nock (13) employ media, 
which may have an index o1 refriction elitier creater cr less than 
unity, to alter the wave front by czusin: difierant o»rtions of the 
wave to travel different distances, tne velocity of drosozation with- 
in the lens remainin: constant at the free space valur. 

Maisccellaneous lenses ave one comncn feature; tre refractive in- 
€ex within the lens varies from noint to point. No orictical method 
nas been develoned for accom .lishin: this in optics. However, by 
variable olate spacing or artificial dielectrics, the advantaves obe 
tained from variable refractive intex mav be anodlied in the desicn of 


micrewave lenses. The apvlication of the ovotical theories developed 








by R. Ke Luneberz (16) to microwave lenses fall into this classification. 


Some of the main merits of Lenses over other tynes of comonly used 


focusing antennas are (3): 


lL. An increase of to S times in manufacturing tolerances as 


comoared with a reflector system. 


Aeeorlinz to J. 


AH. Kraus (1h) the 


allewable tolerances for an electrical oath lenzth arcitrarily set at 


1/3th weveleneth of various types of lens and reflector antennas ure 


Listed as helow. 


Type of Antenna 


Parabolic reflector 


Dielectric lens 
(unzoned) 


Dielectric Lons 
(zoned) 


E vlane netal plate 
lens (urzoned) 


= Flane. metal slate 
Lens (zoned) 


HK Flane metal late 
lens 


Type of tol@nance 


Surface contour 


Thickness 


index of refricbtirn 


Tnieckness 


index of refraction 


Triekxness 


Plate spacing 


Thickn*ss 


Flate soacine 


Lenetn oOo, pat 


2e Freedom fron distortion of the vatterm 


fKmount of 


tolerance 
S.93A 
O03 /\ 
——5 
nta 
£ .03A 
(n - 1) 
0 - 
n 
aor! pee. 
l-n 
= 293 a 
CL ve n* )ty 
= _osy\ 
n/p 
Oe 
Llyn 
t .06A 


Pie to tuisting or 


warpin’:; of the lens system within relatively wide limits orovided the 


ooSition of the sovre?® remains fixed. 














3. The primary source is not in thé path o1 the secondary beam 


anc the scatter from tne source does not arise so that reflection of 
vower back into the feed can be reduced to very small or». orticns. 
This eases the problem of matchincs the feod to the oscillator. 

he «a Lens has two surfaces, allowing the ‘esicner two freed- 
qs in dealint with it. 

S. The level of the tirst side lobe in a well desicned lens 
antenna will be adoroximately 22 db below that of the main beam, while 
that of the saraboloid rarely exceeds 16 db below the main bean. 

Two effects to be eonsidered in microwave antennas wich are use 
ually netlectee in optics are soillover an‘ surface reflections, Id- 
@ally all the ener radiated by the orimirry feed is focused by the 
tens, but in oractice some of the enercy will orovogete around the 
edees of the lens. Fner-y Lost in this vay is known as soillove-r. 

\ satisfactory comoronise between soillover and utilizins maximum lens 
aperture is to employ a directive feed such that tac distribution 
across the averture is tavered to 10 7h down at the edzes as conmaread 
tO amolitwic abt tre center. With such a distributien, svillover is 
not excessive anc side inbe level will not exceed absut 22 dd below 
level of the main beam. 

In amy tyoe oi Lens wnich deosnds noen chunses of refractive in- 
dex for focusins, such Jiscontinuitics will cause fee ee tion O1 onwer. 
The vower reflection coefficient © sAcfined as tir ratio of tie power 
reflectes from any arez of the interface to the power incident on tne 
Same area will avyoroach in the Limitin= case o: normal incidence the 


value 


COT end |’ 
k= \}_----- 
—— as 


} 
The power transmission coefficient T always has the value 
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1 - R. The above discussion applies only to solid dielectrics and 
modifications are necessary before they can be applied to the var- 
ious artificial dielectrics used in lenses. These modifications as 
developed by J. Brown (3) take into account the many interfaces in 
strip delay and metal olate dielectrics. The work of C. Susskind 
(23) considers the action of obstacle type artificial dielectrics. 
Lenses, in general, have aberrations corresoonding to counter- 
parts in optical lenses. These aberrations termed (a) defocusing, 
(b) spherical aberration, (c) coma, and (d) curvature of field are 
discussed in NRL Report R-3312 (17) and by A. S. Dunbar (5). In 
general, such aberrations will decrease the gain, increase the 
enerry contained in the side lobes, broaden the beam width and in 
the case of coma, the development of a "coma lobe" which is un- 
symmetrical. Furthermore, they reduce the ability of the various 
lenses to be used as wide angle scanning antennas due to the fact 
that mass and size of antennas make it imperative the scanning be 
done by movement of the feed rather than the antenna. mee exaupie, 
a paraboloid of f/.5 has a scan arc of =3 beamwidths while an i 71 
has +8 beamwidths, both limited by coma. A simple lens of f/1 has 
approximately a £10 beamwidth scan and is limited by coma ani as- 
tigmatism while a Schmidt lens of the same f number may be construct- 
ed to give as high as *)0 beamwidth scan before oblique spherical 


aberration causes excess deterioration.(6) One of the types of 









3 c : ane > as i a * -aLe. 4 2 ° . 
lenses wiich are not limited by aberrations as t> casability to scan 


or movenent of feed alone is toe Luneberg Lens. 











CHAPTER II 


THEORY OF LUNEBERG LENS 


It was shown by Luneberg (16) that a plane wave illuminating a 
transparent sphere in which the refractive index is the correct fun- 
ction of the radial distance from the center will be brought to " 
focus at a point in the surface of the sphere. From symmetry, this 
point lies on the diameter normal to the plane of the wave. The 


function of radial distance which produces focusing on the circun- 


aes 


where R= radius of the sphere 


ference is 


or for a sphere of unit radius 


Nuss vi Q- re 


A simplified derivation of the above expression is included in the 





appendix. If the sphere is immersed in a medium of refractive index 
No, &@ more general expression becomes 
n= n,\/2- ré 
Theoretically, a lens designed on the above principles would be 

a "perfect lens" since it would be free of all distortions and would 
have an unlimited are of scan. Mechanical difficulties would attend 
any rapid scanning however, due to the large path the feed would have 
to follow if any appreciable aperture size was employed. 


R. F. Rinehart (20) has attacked the problem by transforming the 














plane variable refractive ince: 


. system into 2 surface of revolution 
of constant refractive index one, wiose equation 


a= * (P vs sin” P ) 


bécomés in cylindrical esordina tes 


The surface has a horizontal tancent plane at P=0 ang 2 vertical 


tanrent sylune at p= Ll. The surtace is ecneave downward between 


P = {) and Pp =1, es @rawn in Ficure l. 





Maoore J. 


The Lurebénre Taris>le= 6fractive ind-~« Traysicorvetim Into A 
surtac@ of New@lutien of Sonstant 


Pir-ctive tndex 








2Ueieere oR {sed tw sclutions t: the oroblen 


—~ 





of reducing feed circle diameter. One is tie use of an ellivtical re- 
Pl@etor t0 Beeeweet a vireme. dart Sshuree on tie unit circl” iro-: an 
actual Point swurce situated much claser, or even on the axis of the 
surface. anct*er solution (21) is the cesi-n of 2 surface of re- 
vyolution siuich tial t-@ 1ut snape’ surtac® and an annular rezion oc tween 
r= lyamd r =r) well tealseeteg wits a refractive index of unit’, the 


Seo ISrbies of tae, Luneoeee ss 76%, @s Shown in figucc ?. Tie “en- 


erating curve ror(s) is tetermine? by the equaticns 


ds/r = du/u 


r= Mu 


were f= aw(r, “hy 


and tie function w(r,r,,) is determined ty 
: Z 


Wee | karecice Pf t - or: at 





Fieure 2. 


Th@ Curva surface of Unit Ra-ius with .ttacie? Rin: Lens 
Analovue of tie Lunebers lens 













Weert me Rue ler race circle ror . 






rest 
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liowever, it imeoesethle Gee constrmct an ~Ywiv:lent sf5t ! owe 
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Sistiv® of tlm sam cUrvates riac® gre gp. @tiac*to*™ ainular ring 





ef outer vacins wnity and wit) a canetant nvjeywntit rexractive 

















iness wWiich ameunts to turning Gee “Mt Gri," ine (f1th anv 
Sigee” Of (feet Circle 2aeeee 05 4 CMR seus a Corrtspontin,: 
Patractive ingex for tm ginviar rir 4h e/a witch wien 
Patw@mc vel to th® suriaic? of Bev lei on owe racive will tive 
Bn &j):ivoalent Lume bers lene. The size ot the feed circle terres 
fore is limited onls to the fa%: ot reimecbion an! to orcile 
At Wtohine that indee to toe index oF refricticneolecnits oi toe 
curve? surfac. 

“nether netikas® “f ScOlevanse: rdvicticn in teed cir-laeaps- 
ne ICM GieeeIT Oo jee 'r: Cale r tage cf Ieens i: 
Sve SF ep elie be oor A Bere rire BP orsit tac sirarge 
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Figuee. 7. 
Construction o. Lens 
(lot to scale) 

The lens was made by spravin- 3 suitshiv s...ed weaden structure 
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The radiation patterns taken with a dipole feed at central position, 


15.759, 28.1°, and 37.59 (Figure 8) illustrate this loss at a wavelength 


of 10.7 cm. Figure 9 which employed the waveguide feed, shows the var- 
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Feed Centra 
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Re/ative Power 


Degrees 


Figure 8. 


Radiation Patterns With Dipole Feed 


lation of the radiation pattern with change of frequency. The perfor- 
mance of the system agrees well with that predicted by theory. The 
main limitation is the fairly severe loss of gain for large deflec= 
tions of the beam from the direction perpendicular to the aperture 


due to increasing reflection at the straight edge bounding the system. 
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Figure 9. 


Radiation Patterns with Waveguide Feed 


Feed Central 


In order to overcome some of the limitations of the above lens, 


a similiar construction was employed by G. D. M. feeler anid 2. 4. 


Archer (18) except the lens was made of a polystyrene dielectric 


having a relative dielectric constant K = 2.8. 


In this design the 


| 2 
refractive index within a waveguide n= - ( ott ) which 


when combined with the variable index of refraction required for the 


Luneberg Lens Sve -ré gives for the resulting required plate 


spacing 
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C°NCLUSL 1S 


From the results obtained tirough censtruction ani testin of 
two dimensionzL models it bas been Jenoastrutes tiat ti Luneberg 
theory of a vari.:ble refractive index lens as formulate?! for o>tics 
mav be sao )Lied to microwave rays in electronics. Such a lens ier 
mits focusim: without a®@rretlons over a wide invle -f£ scan by 
movement of feet oositiyn alon®, Until. radainit years tie x4). lame «fg 
m@tutainin® a @arbable r@irective indeec far bob x bics ane Tilerc- 
Waves remained unsolved, but now, in electrmnics, t- ornblew has 
be@n solved by the introductix® of artificial dielectrics. Throuh 
their emloyment it is now possillhe to advance to teree dimensional 
@odcls bas@ed on tie sang theory ang overcome, to some extent, tor 
problem of wide anzlLqecinnins. In-ecditioa, the Tatuvematical de- 
velooment, ac introduced by Luneberg, has becn extendec ty furtier 
reduce seme of the problems dy develeoucnte of tie variation ot re- 
meictive iniex required for reductionet faegm@ circle radius below 
meat of aperture radius. Such 2 reducticn will Me limite! to bie 
Wari2tion of refractive indox nbtainatle wit? the achounrin- 
Moesses inherent from prooopation thnewth nediuns of hi 1 reiroective 
intex. 

anoteer application, which makes itsels agsarent, is tor 
aerodynanically suitable external shaves for tie aperture. Re- 
eeeeters ef th? Parabolic s72a>@ ust beicoveres Witi itadomes to 


conform to the aerodynamic requirements ior abolications on icn 
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‘alte buch) racanes in toamee brs 4i> Los.es an® Sis- 
tertions in UY radictge Ween imam the Bnirita. Since bie si nor, 
toreurh @rtiticial di@l@etrics, ias cont®ol of Ue wev~ batis in vie 
lens, it is possible tea furthereéxc7w the tesory tovwcxternal Ss 2bes 
mer wen wrtions bi B@ seeere. ic ines wenl” @aLare bo Gir 
requirements and elimin-te the use of ragemps. in adiicima, lor tin 
Same size baam it is bassitle to resluce Uhe pwercllexternil d.- 
me@nsicns since, in @ Lumeberg ‘ons, tse arserter would br the 
diameter of the external dimension wil?’ an cntinna cavere ’ try a 
rates hes an anverture less tian tee insige G@ifMieter «lr tie raion, 

rlso in aircraft abBlicatiims wesr@in the welt 7.1 te léns 
MoulL7] UWE restrictis3ns on its Ww ilLicability, it is o.ssil:L® to 
Beevce tie weif ht or We lens. ich réewactir; mor be o: tained ‘iy 
AMON oyment ol & virial @eeerce. Tuchy Same radice oe Meaxi.um 
an le ni sean odtainahle below BUG’. wee SOlTCeS Bar tye Oo base 1 
— Gees of 1+ mc ber as urmier Mevcleommc eG. D. . .cel#r, ©. 
See cliea-r,-ang We P. Caleeen (ie 

.b thé "pregent tine deroemeeeem gant ' Luneberg ory an' 
G@emetructed of artificisl dielactr§ce @r~ an U'c Bevclaement ctu. 
Be renains ta,he seen i1 future wears ow efiertive ant “sciul suc 


lenses may beeoome, 
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APFENDIX 


The derivation of an expression for the index of refraction re- 
quired for focusing on the circumference may be most simoly obtained 
if only a two dimensional system as illustrated in Figure 12 is con- 
sidered. To obtain an all around scan it is evident that the lens 
must be symmetrical about its center, 0, i.e., the refractive index 


within the lens must be a function of the radial distance r alone. 





OA = @105 — 72 oor 


Figure 12. 


Ray Paths in Wide Angle Scanner 


The radiated beam will have its maximum in the direction ACC 
orovided that in the free-space region outside the lens the vhase of 
the radiation is constant on lines such as BCD which is per aendiculae 
to AOC. This requires that the electrical path length of any ray 
from i to the line BD should be constant. Considering a typical ray 


path ARP then 
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R 
[ms RP = L (e) 
A 


wnere L is independent of the ray path selectec. Pr /ermat's theoren 
the optical sath lencst: between two doints is stationary for small var- 
iations in the oath and this avblies to tie interral in equation (1). 


Letting r, 0, be the polar coordinates of a doint S on the ray oath 


poss = foc) [ 2 {re 6! | ar (2) 


U b | . hed ° e fe e e 
where © = 4d 0/ar and the refractive index being a function of radius 
mAlone is indieaved exslicitiy. The congation that the intekral is 
stationary for small variations in the path is found from the calculus 


of variations and hence 
2p Ti 
Sfar) [ 14126" Jiarzo (3) 


Woich Pecoues 
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foo Seac. | are © (4) 


Yoon intevratins by narts 
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8, 


and the first term is equal to zero requirin: tre secind term also to 


be equal to zero or that 
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where C is a parameter worse 





value Gejgends on tie ray pat. selecim’. 


From equation (6) 


ie) 


i+ 
ep | 


r@’ ae 


which when intezrac®] Gives t @ equaticn of the rey oath. 
Ue@tlin: € bo the af™)l> re taeen tee tangent to tee ray gat: ae’ 


wee radius véect@r ap= usilmet 2 Geese cr.c rm ressicon 
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r@ = = tank Gy) 


¢ 
equation (7) bee~ es 


rn(r) sing =C (9) 


Whici wast We Sevici vee for coe wile rer a1be al Ww lens 1s cone 

sa@@re? 2&6 2 receiving lens, @ny ra7s in freessbic® woich @rb ds urellel 

to 100 and inci@ent on the lens must cass throuch te ovdat (a, 7%). 
ee the minimum distance ei the ray s2€: fro tile bri cin 


2S Tay C= 1/0 at i and from equation (¢) 
C= my nvey ) (10) 


Asouting trat r n(r) is a wonstonic increasin: aunction anid inte. 
erating equation (7) «ives for the ray veth within the lens 


a 
6,-a= a Car won @7@, (11) 


rire pH r) -C¢ 
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and 0,-O:- Cdr wien O@< Oy 


bg) gts a r) =~ Ce fm 











’ From equation (9) 


aS sin? Ge) (12) 
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since =Q ween r = mt 


Avolvint the ahove conditions to equation (10) 
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wiich must be satisfied for all values of C lyin: between O an' 1. 


Letting 
Po= rn (r) (1h) 

P= log t (15) 

fa = TH a (ry) = C (16) 

and Po. ape) (17) 


equation (13) may be rewritten as 


fo 
R Beth) Mad ae =f ( Fa (13) 


wnere 


es . el 
(fy) = [1 - ain (Aa) (9) 
a 
if a Pia is regarded as the unknown function, equation (19) is of 
Abel's tyme and a solution i8 obtained by multinlyin. both sides of 
an 


the equation by =-_ eenn nnn -----e-- where 2 is less than hn and 












el ae wil to £, from 2 to 2 yiving 


(So 
p {LF fa) fa * a. (fy - 2") 


The intecral on the left may be sinnlified bv interchaneinz tie orler 


of integration and using the result obtained by Luneberg that 


ail a. a oe = lg 21 
Ste (fy - 2°))* 7 
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| or fa 


) 
T[eifo- pia = 2 a (23) 
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Since (fa = loz, (2) @n8 Pe = vrn(r) ten . plz) = lair 


an? equation (23) mav ther be written as 


an(a) 
a 2 (fy) Fn 
Loe(= = 7 (Fen? ()]® (2h) 
rn(r) 
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which when f( Ey) as given in equation (19) is substituted becomes 


an(a) an(a) | 7 ‘i 
a df 1 sin” 74 jaja 
rocebe}= fegeageseane= = ge f psemsapcgecne (28) 
E (r)] ls -r°n“(r) | 
rn(r rn(r 


Evaluation of the first integral yields 


cr 2.2 4 
1og 2 (s-) = oe fate ¢ face 3)" 


yr n(y) 
#1 sin”! a)dty, (26) 
{T i= Den r)| 
a n(a) 


If the lens is normalized so that a is equal to 1 and n(a) matches 


the refractive index of free space [n(a) = 1 equation (26) be- 


comes 
% 
ae power J) a eben 
log, (+) = 108, | 5) Ps isles 1} | 
rn(r) 
we sin’_(Fald fin 
# Pr (Fa beg hd dee. (27) 
ak 


The integral was shown by Luneberg to be 


~4 log. E vs 41 - c2n2(e)}* | (28) 


Bye 





wiich uoon substitution yields 


Lose n(r) = love [14 (= rare }] (29) 


or 
n%(r) = 1 f {2 = r2n2%(r)}" (30) 
riving 
n(r) = (2-1r2)4 (31) 


as the solution of the problem. 














